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In this paper we investigate the localization and mass spectra of various matter fields with spin 0,
1 and 1/2 on a geometric thick brane generated by pure 4D and 5D positive cosmological constants
without bulk scalar fields. This model possesses a 4D cosmological constant that can be made
as small as one desires without fine-tuning it with the bulk cosmological constant. The Randall–
Sundrum model was obtained as an analytic continuation of the flat brane limit of this braneworld
configuration when the Hubble parameter disappears. We also show that within the framework of
this inflating braneworld model it is possible to formulate a mechanism for obtaining TeV mass scales
from Planck ones by adding a positive thin brane, where the Standard Model fields are trapped,
located at a distance y2 from the origin, where the Planck thick brane resides. The brane separation
must be of the same order than the inverse thickness parameter of the model in order for the
mechanism to generate the desired hierarchy. This result is obtained by imposing the recovery of
both the correct 4D gravitational couplings and the actually observed accelerated expansion of the
universe in our de Sitter braneworld. Regarding the localization of matter in the purely geometric
thick braneworld, for spin 0 massless and massive scalar fields as well as for spin 1 vector fields, the
potentials of the Kaluza–Klein (KK) modes in the corresponding Schro¨dinger equations are modified
Po¨schl–Teller potentials, which lead to the localization of the scalar and vector zero modes on the
brane as well as to mass gaps in the mass spectra. We also compute the corrections to Coulomb’s
law coming from massive KK vector modes. For spin 1/2 fermions, we introduce the bulk mass
term MF (z)Ψ¯Ψ in the action and four different cases are investigated. Localization of the massless
left–chiral fermion zero mode is feasible for just two cases of F (z). In the first one we obtain
Schro¨dinger equations with modified Po¨schl–Teller potentials with the corresponding mass gaps for
both left– and right–chiral fermions, the number of massive KK bound states is finite (determined
by the ratio M/b) and is the same for left– and right–chiral modes. In the second case we get a
family of solutions with an infinite number of bound states where the mass spectra for left– and
right–chiral KK fermion modes are discrete. A special case resembles the one–dimensional quantum
harmonic oscillator problem. For both of these cases, the mass spectrum of right–chiral fermions is
shifted with respect to the mass spectrum of the left–chiral ones.
PACS numbers: 11.25.Mj, 04.40.Nr, 11.10.Kk
I. INTRODUCTION
The idea that our observed four–dimensional (4D) universe can be considered as a brane, which is embedded in a
higher dimensional space–time, has received considerable attention. In the string/M–theory context, branes naturally
appear and provide a novel mode for discussing phenomenological and cosmological issues related to extra dimensions.
The proposal that extra dimensions may be non–compact [1–6] or large [7, 8] can supply new insights for solving the
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2gauge hierarchy problem [4, 8] and the cosmological constant problem [1, 3, 9]. The framework of brane scenarios is
that gravity is free to propagate in all dimensions, however all 4D matter fields (electromagnetic, Yang–Mills, etc.)
are confined to a 3–brane with no contradiction with present gravitational experiments [1, 2, 8]. In Refs. [4, 5],
an alternative scenario, the so-called Randall–Sundrum (RS) braneworld model showed that the effective 4D gravity
could be recovered even in the case of non–compact extra dimensions.
A more natural theory arises in the framework of thick brane scenarios, which are generally based on gravity coupled
to one or several scalars [10–58]. In these scenarios, the scalar fields do not play the role of bulk fields, but provide the
“material” from which the thick branes are made of. For some comprehensive reviews about thick branes please see
Refs. [59–64]. The majority of these scalar thick brane models has a continuous KK graviton spectrum starting at zero
mass, causing a need for explaining why such arbitrarily light extra gravitons have not led to detectable deviations
from standard gravity. Although there are some mechanisms that try to explain how such light extra dimensional
gravitons could go unobserved (see [6], for instance), it is interesting to enquire whether thick brane solutions with
a mass gap in the graviton spectrum exist and thereby avoid this problem as well. It turns out that the existence
of a mass gap in the spectrum of KK fluctuation modes provides an easy way to control the excitation of the KK
gravitons and the concomitant energy loss into the fifth dimension. However, for thick braneworld models with 4D
Poincare´ symmetry, the existence of a mass gap involves the presence of naked singularities at the boundaries of the
relevant manifold [50], a problem that can sometimes be healed with the introduction of a 3–brane with de Sitter
(dS) symmetry [16] or non standard branes [17].
In braneworld scenarios, there is an interesting issue: whether various bulk fields could be confined to the brane by
a natural mechanism. Generally, massless scalar fields [23] and gravitons [5] can be localized on branes of different
types. Vector fields can be localized on the RS brane in some higher–dimensional cases [24] or on thick dS branes
and Weyl thick branes [25]. The feature of fermion localization is very important for these models. In general, if one
does not introduce the coupling between the fermions and bulk scalars, the fermions do not have normalizable zero
modes in five and six dimensions [23–26, 29–41]. In some cases, with scalar–fermion coupling, a single bound state
and a continuous gapless spectrum of massive fermion KK states can be obtained [25]. In some other brane models,
one can obtain finite discrete KK states (with a mass gap between them) and a continuous gapless spectrum starting
at a positive m2 [46, 47].
Recently, a pure de Sitter thick brane with very appealing features has been investigated in Ref. [57]. This thick
brane is not made of bulk scalars, but rather is modeled by an intriguing relation between the curvatures generated by
the 4D and 5D cosmological constants without the inclusion of bulk scalar fields at all. Thus, this regular thick brane
configuration emerges as a nonlinear solution to the full Einstein equations of a model which describes five–dimensional
(5D) gravity with a positive cosmological constant where the 3–brane possesses de Sitter symmetry instead of the
Poincare´ one. Furthermore, a finite effective 4D Planck mass (which also depends on the scale factor parameter of the
3–brane: M2Pl =
piM3
∗
H2
2b3 , where M
3
∗ = (2κ5)
−2) was obtained in this model upon integration of the fifth dimension;
the localization of 4D gravity with the correct couplings takes place in such a way that there exists a mass gap
between the 4D stable massless graviton and the massive KK excitation modes, a useful peculiarity of the model from
the phenomenological viewpoint. Finally, the corresponding corrections to Newton’s law arising in this model have
already been computed in analytic form [57].
One of the advantages of this regular dS4 braneworld model in comparison to thick branes generated by scalar fields
is that the latter develop naked singularities at the boundaries of the fifth dimension when the presence of a mass
gap in the spectrum of the 5D KK graviton fluctuations is required [10, 12, 45, 50]. Moreover, the bulk scalar fields
themselves usually are divergent whithin the framework of these braneworlds. The existence of a mass gap is quite
relevant from the phenomenological point of view since in this case the massless physical 4D graviton is separated
from the massive KK modes, a fact that fixes the energy scale at which these massive fluctuations can be excited and
enables us to avoid difficulties when analyzing the traces of ultra light KK excitations [10, 12, 44]. This kind of mass
gaps is present in braneworld models with a de Sitter metric induced on the brane like in [16], where, however, the
authors have made use of delta function sources which lead to singularities at the position of the branes.
Thus, within this regular braneworld one is able to model the thick brane geometrically avoiding the use of scalar
matter at all, in which the 4D gravity can be localized, and as an extra bonus, a mass gap is displayed in the gravity
spectrum of KK excitations without developing naked singularities as in the case of scalar thick brane configurations.
Another interesting feature of this thick braneworld model is that its 4D cosmological constant can be made as
small as one desires without the need of a fine-tuning with the bulk cosmological constant, as it happens in the
Randall–Sundrum model (see Sec. II for more details).
A last but not less important advantage of this model is that it allows us to analytically study the behavior of the
massive modes of the spectrum of KK excitations, a scarce phenomenon when considering smooth brane configurations,
since usually the corresponding Schro¨dinger equation cannot be explicitly integrated for m greater than zero and one
is forced to make use of numerical analysis (see [10, 12, 20], for instance).
This kind of embedded solutions are also interesting from the viewpoint of cosmology. Since this solution describes
3a 3–brane with de Sitter symmetry (expanding, maximally symmetric space, or, dS4) embedded in a dS5 space, it
mimics some aspects of the inflationary period of our Universe [65, 66]. It turns out that the Cosmic Inflation theory
is in good agreement with the properties of the temperature fluctuations seen in the Cosmic Microwave Background
Radiation. This and other observational successes, together with the fact that inflation likely takes place at very high
temperatures and its study involves making assumptions about the relevant physics that takes place at such high
energies, lead to several attempts to find inflationary configurations within string theory and supergravity [67–69].
Moreover, since in this braneworld solution the second derivative of the scale factor with respect to time is positive,
it also can describe some aspects of the accelerated expansion of the Universe, related to its present epoch.
One more interesting issue in which this kind of configurations can have physical applications is the realization of
the dS/CFT correspondence project [70, 71], where having exact de Sitter vacua will be of outstanding relevance for
understanding such a correspondence and, hence, to get insight into the quantum gravity nature of de Sitter space.
Despite the difficulties that this project faces (like the observer dependence nature of the de Sitter event horizon
[72] and the lack of supersymmetry for de Sitter space [73], in contrast with its AdS/CFT counterpart), a concrete
example has been worked out for lower dimensional cases [74].
In this paper we will explore the localization and mass spectra of various matter fields with spin 0, 1 and 1/2 on this
thick brane scenario. For the spin 0 scalars and the spin 1 vectors, the zero modes can be localized on the brane, and
there exists a mass gap in their mass spectra. However, the localization of the spin 1/2 fermions is very special since
there is no scalar field to couple with in this model, in contrast to thick branes generated by scalar fields. This issue
has been previously treated by several authors (see [23, 24, 26, 33, 75, 76], for instance), but in fact, the mechanism
for localization of spin 1/2 fermions on a brane (with the aid of a mass term generated by the Higgs field with a
vacuum expectation value of a kink profile) was proposed for the first time in [75] for a flat spacetime, subsequently
extended to the AdS5 case in [23, 26] and further generalized to higher–dimensional spacetimes in [33]. Thus, in order
to trap the fermions, in this work we introduce the bulk mass term MF (z)Ψ¯Ψ, which contains a sort of spread mass
along the fifth dimension, so that the character of the localization is different for different forms of the mass function
MF (z).
The organization of this paper is as follows: In Sec. II, we first review the so–called pure de Sitter thick brane
and present some new aspects of this model like its flat (static) limit H → 0, the possibility of having an effective
4D cosmological constant as small as desired, as well as a mechanism that allows one to obtain TeV mass scales from
Planck ones on a Standard Model thin brane located at a certain distance from the Planck brane where gravity is
localized. Then, in Sec. III, we investigate the localization and mass spectra of various matter fields with spin 0, 1
and 1/2 on this thick brane. We further compute the corrections to Coulomb’s law due to the presence of massive KK
vector modes in Sec. IV. Finally, our conclusion is given in Sec. V together with some discussion on the presented
material.
II. REVIEW OF THE THICK BRANEWORLD GENERATED BY PURE CURVATURE
As mentioned above, an intrinsic appealing feature of our regular de Sitter braneworld is that it does not need to
include a scalar field nor any other kind of bulk matter in order to smooth out the delta function singularities of the
Randall-Sundrum model. Thus, this thick braneworld arises in a completely geometric way: it is just the curvature
that localizes gravity and other matter fields on the regular 3–brane. Thus, we start with the following 5D action for
a thick braneworld model [57]
S =
1
2κ25
∫
d5x
√−g(R − 2Λ5), (1)
where R is the 5D scalar curvature, Λ5 is the bulk cosmological constant, and κ
2
5 = 8πG5 with G5 the five–dimensional
Newton constant. Here we use the signature (− + + + +) and the Riemann tensor, defined as follows RMNPQ =
Λ5
6 (gMP gNQ − gMQgNP ), gives rise to the Ricci one RNQ = RMNMQ upon contraction of its first and third indices,
whereM,N,P,Q = 0, 1, 2, 3, 5.From this action, the Einstein equations with a cosmological constant in five dimensions
are easy to get
RMN − 1
2
R gMN = −Λ5 gMN . (2)
The most general 5D metric compatible with an induced 3–brane with spatially flat cosmological background can be
taken to be
ds2 = gMNdx
MdxN = e2A(y) [gˆµν(x)dx
µdxν ] + dy2
= e2A(y)
[−dt2 + a2(t)(dx21 + dx22 + dx23)]+ dy2, (3)
4where e2A(y) and a(t) are the warp factor and the scale factor of the brane, gˆµν(x) denotes the 4D metric tensor
(µ, ν = 0, 1, 2, 3) and y stands for the extra dimensional coordinate.
By considering the metric (3) we compute the Einstein equations which reduce to a very simple system [57]1:
A′′(y) =
1
3
(
2a˙2
a2
− 5a¨
a
)
e−2A(y), (4a)
A′2(y) =
1
6
[(
5a¨
a
+
a˙2
a2
)
e−2A(y) − Λ5
]
, (4b)
where the prime and the dot denote derivative with respect to y and t, respectively. It turns out that the equations
for A and a decouple in this system and the second order differential equation for the scale factor reads
aa¨− a˙2 = 0. (5)
The general solution of Eq. (5) is a(t) = a0e
Ht with a0 and H being arbitrary constants, and we can choose the scale
factor corresponding to a de Sitter 4D cosmological background
a(t) = eHt, (6)
since the constant a0 can be absorbed into a coordinate redefinition. Here H is the Hubble parameter and 3H
2 = Λ4
with Λ4 being the effective 4D cosmological constant obtained upon integration of the fifth dimension [63], a result
which also is consistent with the computation performed from the viewpoint of the induced 4D gravity on the brane
by making use of the Shiromizu–Maeda–Sasaki formalism which projects the 5D curvature along the 3–brane [64, 77].
On the other hand, the solution for the warp factor is found to be [57]:
A(y) = ln
[
H
b
cos(b(y − y0))
]
, (7)
where y0 is a constant that labels the position of the brane, and 1/b parameterizes the thickness of the 3–brane and
is related to the 5D cosmological constant as follows:
Λ5 = 6b
2. (8)
Thus, the relevant 5D metric with an induced de Sitter 3–brane reads
ds2 =
H2
b2
cos2(by)
[−dt2 + e2Ht(dx21 + dx22 + dx23)]+ dy2. (9)
From this form of the warp factor, we come to the following conclusion: a thick de Sitter brane is localized around
y0 = 0, and the range of the fifth dimension is −
∣∣ pi
2b
∣∣ < y < + ∣∣ pi2b ∣∣. The localization and stability properties of
graviton fluctuations on this brane were studied in [57].
This metric arises as a solution where both cosmological constants Λ4 and Λ5 are positive and, hence, accounts for
the embedding of a dS4 3–brane into a chart of the dS5 space–time, a result in agreement with [78], where it was
pointed out that an AdS5 bulk in itself may be problematic in the absence of other bulk fields.
Our purely geometric braneworld solution requires both Λ4 and Λ5 to be nontrivial. Setting one of them alone to
zero leads to unphysical solutions. However, since the solution possesses two arbitrary parameters, we can perform a
double limit in order to obtain a physically meaningful solution as we shall see below.
A. A flat thin brane limit
An interesting issue is to see whether there is a meaningful limit when the Hubble parameter vanishes H = 0. In
order to clarify this point, we can also express the solution of the Einstein equations (4) in the following way:
A(y) = ln
[
e−iby
H2 + e2iby
(
b−√b2 −H2)2
2b
(
b−√b2 −H2)
]
, (10)
1 In the original work there is a misprint in Eq. (4b): the factor e−2A(y) is multiplying the whole expression in brackets, however, it
should multiply just the expression within the parenthesis, as quoted here.
5which is equivalent to (7) with by0 = i ln
(
b−√b2−H2
H
)
. When the parameter H is small, the above solution can be
expressed as
A(y) ⋍ ln
e−ibyH2 + e2iby
(
H2
2b
)2
2b(H
2
2b )
 = ln[e−iby(1 + e2iby (H
2b
)2 )]
. (11)
Thus, by taking the limit H → 0, this solution will be reduced to the case of the flat 3–brane:
A(y) = −iby ≡ −k|y|, (12)
where we have performed an analytical continuation of the b parameter: ib ≡ k and imposed Z2–symmetry along the
extra coordinate. Thus, as we see, this is not a standard limit and requires passing from a dS bulk to a AdS one,
a sort of phase transition that must be studied further, perhaps within the context of an extended version of this
minimalistic model and a more complete solution where the transition from a positive to a negative curvature bulk
could be clarified.
Thus, the analytic continuation of this limit yields the famous Randall–Sundrum solution [4, 5], which implies
that we need to add to the 5D action the corresponding delta (thin) branes in the 4D space–time for mathematical
consistency. This result can be seen as well at the level of the differential equations (4) since if we set there H = 0,
we see from (4b) that the constant Λ5 must necessary be negative since it is proportional to −A′2; we further impose
the Z2–symmetry to get the solution
A(y) = ±
√
−Λ5
6
|y|, (13)
which just corresponds to the RS brane solution. Hence, the conclusion is that a pure flat brane must be embedded
in 5D anti-de Sitter space time, and the flat brane must be a thin brane, as in the RS braneworld, which has been
extensively studied in the literature and thus, in this paper we will not investigate further this model.
Since our universe is expanding in an accelerated way, it can be described by our dS4 3–brane since a¨ > 0, a fact
that is remarkable for the cosmology of our model. Moreover, as stated above, the 4D effective cosmological constant
is related to the Hubble parameter as usual, i.e., Λ4 = 3H
2.
At this stage it is important to write the metric (9) in a conformal form by performing the coordinate transformation
dz = e−A(y)dy. (14)
Then, the following expression for z can be obtained
z(y) =
∫
e−A(y)dy =
2
H
arctanh
[
tan
(
by
2
)]
. (15)
It is easy to see that z → ±∞ as y → ±
∣∣ pi
2b
∣∣, so the range of z is −∞ < z < +∞. Due to this transformation, the
warp factor A can be rewritten as a function of z:
A(z) = ln
[
H
b
sech(Hz)
]
, (16)
and the metric adopts the form:
ds2 = e2A(z)
[
gˆµν(x)dx
µdxν + dz2
]
=
H2
b2
sech2(Hz)
[−dt2 + e2Ht (dx21 + dx22 + dx23)+ dz2] . (17)
An interesting feature of the above presented model is that, since we have two parameters in the solution, b and H ,
the 4D cosmological constant is completely independent of the 5D one. It seems that in certain coordinate systems
(where b = H) these two cosmological constants could be related to each other (see [67], for instance). However,
by choosing a suitable coordinate system, Λ4 can be made as small as one wishes in an explicit way, while keeping
invariant the 5D cosmological constant and other 5D geometrical properties of the model. However, it should be
pointed out that by making small the value of H , the masses of the excited KK particles also will adopt very small
values as it will be discussed below in Sec. V.
6B. TeV vs Planck mass scales
Another important issue within this de Sitter braneworld model consists of getting TeV physical mass scales from
fundamental masses of the order of the Planck scale. In order to study this mechanism a` la RS we should generalize
our purely geometric 5D setup by adding in a self–consistent way two thin branes and imposing Z2–symmetry along
the extra dimension. This mathematically amounts to orbifolding the extra dimension, i.e. to replacing y −→ |y|
and imposing periodicity along the fifth dimension when computing derivatives of |y|. This, in turn, leads to junction
conditions on each brane (labeled by a = 1, 2) to be fulfilled:
λa = (−1)a b tan (b ya) , (18)
where λa denotes the tension of the a
th brane and ya stands for their positions. As we see, the first junction condition
can be ignored by putting the Planck brane at y1 = 0, getting a tensionless configuration which is compatible with our
purely geometric de Sitter thick braneworld which localizes gravity. Moreover, the second junction condition leads to
a positive tension brane by setting y2 > 0, avoiding at all the use of branes with negative tension as in the RS model.
Thus, the thick Planck brane is located at the origin of the fifth dimension and localizes gravity, while the thin TeV
brane is located at a certain distance, y2, from the first one and hosts the Standard Model fields with electro–weak
interactions. It can be shown that when considering fundamental fields, like the Higgs field, in the TeV brane, the
4D physical mass scales are determined by the following symmetry breaking scale
m =
H
b
cos (b y2)m0, (19)
after an appropriate field normalization.
Therefore, when the prefactor of m0 is of order 10
−15 we obtain TeV physical mass scales from Planck ones. It is
remarkable that this mechanism can indeed be established in the framework of our model.
Let us recall that the effective 4D Planck mass of the thick de Sitter braneworld is finite along the whole fifth
dimension and reads [57]:
M2Pl =
π
2
M3∗H
2
b3
. (20)
By assigning the currently observed value to the Hubble parameter H ≈ 10−60MPl and setting M∗ ≈ 10−15MPl to
consider TeV mass scales, we get b ≈ 10−55MPl in order to recover the correct 4D gravitational couplings on the thick
brane. Of course, this assignment can be done in the understanding that we are fine tuning the value of the effective
4D cosmological constant on the brane.
However, for the generalized setup we need the value of the effective 4D Planck mass between the TeV and the
Planck branes which is
M2Pl =
M3∗H
2
b3
[
b y2 +
1
2
sin (2 b y2)
]
. (21)
This result shows that when b y2 approaches the boundary of the orbifold, i.e. when b y2 −→ π/2, the second term
in (21) can be neglected in comparison with the first one. This means that for large values of b y2 the effective 4D
Planck mass weakly depends on the thin brane position y2 and, hence, on the compactification radius of the extra
dimension of the manifold (see below).
It is also important to note that the H → 0 limit of the formula (20) is well defined since we can make b tend to
zero b→ 0 as well in such a way that the following quotient approaches a finite constant H/b3/2 → C, a fact that still
leads to a finite effective 4D Planck mass.
Therefore, the physically relevant ratio
m
m0
= 10−15, (22)
can be achieved when
b y2 = arccos
(
m
m0
b
H
)
≈ arccos (10−10) . π
2
≈ 1, (23)
since b/H ≈ 105 and arccos (10−10) is slightly less than π/2.
7Thus, is is remarkable that in order to generate the desired mass hierarchy we need a compactification scale of the
same order of the parameter b:
µc ≡ 1
y2
≈ b. (24)
Moreover, while the required ratio to get TeV physical mass scales from fundamental Planck mass scales is m/m0 ≈
10−15, the necessary relevant ratio between the actually observed Hubble parameter and the compactification scale is
ten orders less:
H
µc
≈ H
b
≈ 10−5. (25)
Of course this geometric reformulation of the hierarchy problem rises the question about the stability of the brane
separation, an issue that must be treated in a similar way to the Golberger–Wise mechanism [79] by adding a scalar
degree of freedom for this quantity.
III. LOCALIZATION OF VARIOUS MATTER FIELDS ON A PURE DE SITTER THICK BRANE
In this section we shall investigate the localization of various bulk matter fields on a pure de Sitter thick brane. Spin–
0 scalars, spin–1 vectors and spin–1/2 fermions will be considered by means of gravitational interaction. Certainly, it
has been implicitly assumed that the various bulk matter fields considered below make little contribution to the bulk
energy so that the solutions given in the previous section remain valid even in the presence of bulk matter. Thus,
these bulk matter fields make little contribution to geometry of the bulk spacetime. The mass spectra of various
matter fields on the pure de Sitter thick brane will also be discussed by presenting and analyzing the potential of the
corresponding Schro¨dinger equation for their KK modes.
In the following, the localization of various bulk matter fields will be investigated, and it will be seen that the
mass-independent potentials of the corresponding Schro¨dinger equations can be obtained conveniently with the aid
of the metric (17).
A. Spin–0 scalar fields
We begin by considering the localization of real scalar fields (both massless and massive) on the thick brane obtained
in the previous section, turning to vectors and fermions in the next subsections. Let us start by considering the action
of a massive real scalar field coupled to gravity
S0 = −1
2
∫
d5x
√−g (gMN∂MΦ∂NΦ+m2sΦ2) , (26)
where ms is the mass of the bulk scalar field. Using the conformal metric (17), the equation of motion derived from
(26) reads
1√−gˆ ∂µ
(√
−gˆgˆµν∂νΦ
)
+ e−3A∂z
(
e3A∂zΦ
)− e2Am2sΦ = 0. (27)
Then, by using the KK decomposition Φ(x, z) =
∑
n φn(x)χn(z)e
−3A/2 and demanding that φn satisfies the 4D
massive Klein–Gordon equation: [
1√−gˆ ∂µ
(√
−gˆgˆµν∂ν
)
−m2n
]
φn(x) = 0, (28)
where mn is the 4D mass of the KK excitation of the scalar field, we can obtain the equation for the scalar KK mode
χn(z): [−∂2z + V0(z)]χn(z) = m2nχn(z), (29)
which is a Schro¨dinger equation with the effective potential given by
V0(z) =
3
2
A′′ +
9
4
A′2 + e2Am2s. (30)
8It is clear that the potential V0(z) defined in (30) is completely determined by the warp factor and the bulk mass of
the scalar field, hence, it is a 4D mass–independent potential.
The full 5D action (26) can be reduced to the standard 4D action for a massless and a series of massive scalars
S0 = −1
2
∑
n
∫
d4x
√
−gˆ
(
gˆµν∂µφn∂νφn +m
2
nφ
2
n
)
, (31)
when integrated over the extra dimension, with the requirement that Eq. (29) is satisfied and the following orthonor-
malization conditions are obeyed: ∫ ∞
−∞
χm(z)χn(z)dz = δmn. (32)
For the thick brane solution (16), the potential (30) adopts the form
V0(z) =
9
4
H2 −
(
15
4
− m
2
s
b2
)
H2sech2(Hz), (33)
where the quantity
β ≡ 15
4
− m
2
s
b2
(34)
must be positive definite in order to ensure localization of the massive scalar field. This potential has a minimum
(negative value) equal to
(
− 32 +
m2
s
b2
)
H2 at z = 0 and a maximum (positive value) equal to 9H
2
4 at z = ±∞, ensuring
the existence of a mass gap in the spectrum (see Fig. 1). Then, by inserting (33) into Eq. (29), the latter turns into
the well-known Schro¨dinger equation with En = m
2
n − 9H
2
4 :[
−∂2z −
(
15
4
− m
2
s
b2
)
H2sech2(Hz)
]
χn = Enχn. (35)
After performing the change of variable v = Hz, Eq. (35) displays a modified Po¨schl–Teller potential in its standard
form: [−∂2v − βsech2(v)]χn = Enχn, (36)
where the energy now reads En =
m2
n
H2 − 94 .
For the Schro¨dinger equation with a modified Po¨schl–Teller potential, the energy spectrum of bound states can be
computed exactly if β = n(n+1), where [n] is the number of bound states [12, 25, 45, 46, 57, 80]. Since this quantity
must be positive definite, it varies in the interval 0 < β ≤ 154 . The maximum value that β can reach is 154 (when the
bulk scalar field becomes massless ms = 0) which corresponds to n =
3
2 , a fact that means that there are at most
two bound states in the spectrum of the massless bulk scalar field, corresponding to n = 0 and n = 1. However, as
far as the bulk scalar field becomes massive (ms 6= 0) and, in turn, β passes the critical value β = 2 (or, equivalently,
m2s =
7
4b
2), which still corresponds to two bound states in the spectrum of the bulk scalar field, the number of bound
states reduces to one: the massless mode with m0 = 0 and energy E0 = − 94 . This situation continues till β approaches
a vanishing value, β → 0, which constitutes its lower bound.
Thus, the crucial relation between the parameters ms and b, defined through (34), determines whether there exist
or not excited massive KK fluctuations localized on the 3–brane as bound states of the mass spectrum of the bulk
scalar field. In other words, if β < 2 (i. e., ms >
√
7
2 b) there will be just one bound state in the mass spectrum of the
scalar field. Moreover, since β must be positive definite, this ensures that there will always exists a massless mode
corresponding to [n] = 0. On the other hand, when β ≤ 0, then the scalar field KK modes are not localized on the
3–brane. Thus, if there is only one bound state (the massless one), the continuum of massive fluctuations will be
delocalized (having access to travel along the extra dimension), but it will still be separated from the massless ground
state by the mass gap, defined by the asymptotic value of the potential V0(z = ±∞) = 9H24 .
For the sake of generality we shall come back to Eq. (35), written in terms of the z coordinate, and consider a
massless bulk scalar field (ms = 0). In this case the energy spectrum of bound states reads:
En = −H2
(
3
2
− n
)2
(37)
9or, in terms of the 4D squared mass:
m2n = n(3− n)H2. (38)
By recalling that the effective 4D Planck mass (20) provides a relation between 4D and 5D parameters and mass scales
of the model, one can alternatively express the 4D energy En and mass mn in terms of the following combination of
brane and bulk parameters:
En = − 2
π
(
3
2
− n
)2
M2Plb
3
M3∗
, m2n =
2n(3− n)
π
M2Plb
3
M3∗
. (39)
Here n is an integer that satisfies 0 ≤ n < 32 , so that it is clear that there are two bound states. The first one is the
ground state with m20 = 0, and can be expressed as
χ0(z) =
√
2H
π
sech
3
2 (Hz), (40)
which is just the massless mode and also shows that there is no tachyonic scalar mode. The second one is the first
excited state, which corresponds to n = 1 and m21 = 2H
2, and can be written as
χ1(z) =
√
2H
π
sech
3
2 (Hz) sinh(Hz). (41)
The shapes of the bound KK modes and the mass spectrum are shown in Fig. 2 and Fig. 3. The continuous spectrum
starts at m2 = 9H2/4. So when the energy of the scalars is larger than 3H2 , the scalars cannot be trapped on the
brane, they will be excited into the bulk, which translates into a good chance to experimentally discover the extra
dimensions.
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FIG. 1: The shape of the potential of the scalar KK modes V0(z) for different values of H , which is set to H = 0.5 for the thick
line, H = 1.0 for the dashed line, and H = 1.5 for the thin line. Here we have set ms = 0 for simplicity.
B. Spin–1 vector fields
We now turn to spin 1 vector fields. We begin with the 5D action of a vector field
S1 = −1
4
∫
d5x
√−g gMNgRSFMRFNS , (42)
where FMN = ∂MAN −∂NAM is the field strength tensor as usual. From this action the equations of motion are read
as follows
1√−g ∂M
(√−ggMNgRSFNS) = 0. (43)
By using the background metric (17), the equations of motion can be written as
1√−gˆ ∂ν
(√
−gˆ gˆνρgˆµλFρλ
)
+ gˆµλe−A∂z
(
eAF5λ
)
= 0, (44)
∂µ
(√
−gˆ gˆµνFν5
)
= 0. (45)
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FIG. 2: The shape of the scalar zero mode χ0(z) in (a), and the first excited state χ1(z) in (b). The parameter H is set to
H = 0.5 for the thick line, H = 1.0 for the dashed line, and H = 1.5 for the thin line. Here we have set ms = 0 for simplicity.
-15 -10 -5 5 10 15
z
-0.4
-0.2
0.2
0.4
V0HzL,Χ0HzL,Χ1HzL
FIG. 3: The shape of the potential of scalar KK modes V0 (thick line), the bound scalar KK modes χn (dashed line for χ0 and
thin line for χ1) and the mass spectrum (thick grey lines) with the parameter H = 0.5. Here we have set ms = 0 for simplicity.
On the other hand, for a 5D vector field, we can make the following general KK decomposition:
AM (x
λ, z) =
∑
n
a
(n)
M (x
λ)ρn(z). (46)
The action of the 5D massless vector field (42) is invariant under the following gauge transformation with an arbitrary
regular scalar function F (xλ, z):
AM (x
λ, z)→ A˜M (xλ, z) = AM (xλ, z) + ∂MF (xλ, z), (47)
or
Aµ(x
λ, z)→ A˜µ(xλ, z) = Aµ(xλ, z) + ∂µF (xλ, z), (48)
A5(x
λ, z)→ A˜5(xλ, z) = A5(xλ, z) + ∂zF (xλ, z). (49)
Now we will check whether the component A5(x
λ, z) can be set to zero by making use of the above gauge transfor-
mation.
Since we have infinite extra dimensions in our braneworld scenario, i.e. −∞ < xλ, z <∞, we have no any constrain
(coming from the topology of the extra dimension) on the gauge potential AM (x
λ, z) and the scalar function F (xλ, z).
From the transformation (49) and the KK decomposition (46), we have
A5(x
λ, z)→ A˜5(xλ, z) =
∑
n
a
(n)
5 (x
λ)ρn(z) + ∂zF (x
λ, z). (50)
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Thus, if we choose the scalar function F (xλ, z) as
F (xλ, z) = −
∑
n
a
(n)
5 (x
λ)
∫
ρn(z)dz, (51)
then the fourth component A˜5 will vanish:
A˜5(x
λ, z) = 0, (52)
which is just the gauge choice we made.
Thus, we choose A5 = 0 by using this gauge freedom. Then, the action (42) can be reduced to
S1 = −1
4
∫
d5x
√−g
{
gµαgνβFµνFαβ + 2e
−Agµν∂zAµ∂zAν
}
. (53)
With the decomposition of the vector field Aµ(x, z) =
∑
n a
(n)
µ (x)ρn(z)e
−A/2 and the orthonormalization conditions∫ ∞
−∞
ρm(z)ρn(z)dz = δmn, (54)
the action (53) is read
S1 =
∑
n
∫
d4x
√
−gˆ
(
− 1
4
gˆµαgˆνβf (n)µν f
(n)
αβ −
1
2
m2n gˆ
µνa(n)µ a
(n)
ν
)
, (55)
where f
(n)
µν = ∂µa
(n)
ν −∂νa(n)µ is the 4D field strength tensor. In the above process, it has been required that the vector
KK modes ρn(z) should satisfy the following Schro¨dinger equation:[−∂2z + V1(z)] ρn(z) = m2nρn(z), (56)
where the mass–independent potential V1(z) is given by
V1(z) =
H2
4
− 3H
2
4
sech2(Hz). (57)
The potential also has the a minimum −H2/2 at z = 0 and a maximum H2/4 at z = ±∞ (see Fig. 4), a fact that
ensures the presence of a mass gap in the spectrum of KK vector modes. Eq. (56) with this potential turns into the
following Schro¨dinger equation with a modified Po¨schl-Teller potential:[
−∂2z −
3H2
4
sech2(Hz)
]
ρn = Enρn, (58)
where En = m
2
n − H
2
4 . The energy spectrum of bound states can be expressed as follows:
En = −H2
(
1
2
− n
)2
(59)
or, in terms of the squared mass:
m2n = n(1− n)H2. (60)
Here n is an integer satisfying 0 ≤ n < 12 . So there is only one bound state (the ground state), i.e., the normalized
zero mode
ρ0(z) =
√
H
π
sech(Hz) (61)
with m20 = 0. The shape of the zero mode is shown in Fig. 5. On the other hand, if we further perform the following
rescaling of the fifth coordinate u = Hz in order to write Eq. (58) in the canonical form[
−∂2u −
3
4
sech2(u)
]
ρn(u) = Enρn(u), (62)
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where now En =
m2
n
H2 − 14 , then we can express the general solution for the continuum of massive KK vector modes as
ρn(z) = C1(β)P
µ
1/2 (tanhu) + C2(β)Q
µ
1/2 (tanhu) , (63)
where C1(β) and C2(β) are arbitrary constants which depend on β; P
µ
1/2 and Q
µ
1/2 are associated Legendre functions
of first and second kind, respectively, degree ν = 1/2 and purely imaginary order µ = iβ = i
√
m2/H2 − 1/4. These
functions are linearly independent. It is worth mentioning that due to the following relation between the associated
Legendre functions
Qµν (x) =
π
2 sin(πµ)
[
Pµν (x) cos(πµ)−
Γ(ν + µ+ 1)
Γ(ν − µ+ 1)P
−µ
ν (x)
]
, (64)
the expression for the massive KK vector modes can alternatively be given in terms of the following pair of independent
associated Legendre functions (in the language of the conformal variable z)
ρn(z) = C+(β)P
+iβ
1/2 (tanh(Hz)) + C−(β)P
−iβ
1/2 (tanh(Hz)) , (65)
which are real functions and asymptotically behave as plane waves for z →∞
P±iβ1/2 (tanh(Hz)) ∼
e±iβHz
Γ (1∓ iβ) . (66)
This behaviour leads to the following values for the constants C+(β) and C−(β) when normalizing the wave functions
in the plane wave sense, i.e. in a box of length 2π:
C±(β) =
Γ (1∓ iβ)√
2π
=
|Γ (1 + iβ)|√
2π
(67)
since |Γ (1 + iβ)| = |Γ (1− iβ)| and we need just the module of these Gamma functions. These expressions will be
very useful later on, when computing the corrections to Coulomb law coming from the massive extra dimensional
modes.
It is easy to see that there is a mass gap between the zero mode and the excited modes from Fig. 6 since the
continuous spectrum of massive vector KK modes starts at m2 = H2/4 and asymptotically turns into plane waves
in agreement with (66). Similar to the case of scalars, when the energy of vectors is larger than 12H , they are not
localized on the brane anymore, leaking to the extra dimension.
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FIG. 4: The shape of the potential of the vector fields V1(z). The parameter H is set to H = 0.5 for the thick line, H = 1.0
for the dashed line, and H = 1.5 for the thin line.
C. Spin–1/2 fermion fields
Finally, we will study the localization of fermions on the pure de Sitter thick braneworld. In 5D spacetime, fermions
are four–component spinors and their Dirac structure can be described by ΓM = eM
M¯
ΓM¯ with eM
M¯
being the vielbein
and {ΓM ,ΓN} = 2gMN . In this Subsection, M¯, N¯ , · · · = 0, 1, 2, 3, 5 and µ¯, ν¯, · · · = 0, 1, 2, 3 denote the 5D and 4D
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FIG. 5: The shape of the vector zero mode ρ0(z). The parameter H is set to H = 0.5 for the thick line, H = 1.0 for the dashed
line, and H = 1.5 for the thin line.
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FIG. 6: The shape of the potential of vector KK modes V1 (thick line), the vector zero mode ρ0 (dashed line), and the mass
spectrum (thick grey lines) with the parameter H = 0.5.
local Lorentz indices, respectively, and ΓM¯ are the gamma matrices in 5D flat spacetime. In our set-up, the vielbein
is given by
e M¯M =
(
eAeˆ ν¯µ 0
0 eA
)
, (68)
ΓM = e−A(eˆµν¯γ ν¯ , γ5) = e−A(γµ, γ5), where γµ = eˆ
µ
ν¯γ
ν¯ , γ ν¯ and γ5 are the usual flat gamma matrices in the 4D Dirac
representation. The Dirac action of a spin–1/2 fermion with a mass term can be expressed as [76]
S 1
2
=
∫
d5x
√−g [Ψ¯ΓM (∂M + ωM )Ψ−MF (z)Ψ¯Ψ] . (69)
Here ωM is the spin connection defined as ωM =
1
4ω
M¯N¯
M ΓM¯ΓN¯ with
ωM¯N¯M =
1
2
eNM¯
(
∂Me
N¯
N − ∂Ne N¯M
)
− 1
2
eNN¯
(
∂Me
M¯
N − ∂Ne M¯M
)
−1
2
ePM¯eQN¯
(
∂P eQR¯ − ∂QePR¯
)
e R¯M , (70)
and F (z) is some general scalar function of the extra dimensional coordinate z. We will discuss about the properties
of the scalar function F (z) later on, in the context of the localization of KK fermion modes. The non–vanishing
components of the spin connection ωM for the background metric (17) are
ωµ =
1
2
(∂zA)γµγ5 + ωˆµ, (71)
where ωˆµ =
1
4 ω¯
µ¯ν¯
µ Γµ¯Γν¯ is the spin connection derived from the metric gˆµν(x) = eˆ
µ¯
µ (x)eˆ
ν¯
ν (x)ηµ¯ν¯ . Thus, the equation
of motion corresponding to the action (69) can be written as[
γµ(∂µ + ωˆµ) + γ
5 (∂z + 2∂zA)− eAMF (z)
]
Ψ = 0, (72)
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where γµ(∂µ + ωˆµ) is the Dirac operator on the brane.
Next, we will investigate the 5D Dirac equation (72), and write the spinor in terms of 4D effective fields. On
account of the fifth gamma matrix γ5, we anticipate the left– and right–handed projections of the 4D part to behave
differently. From Eq. (72), the solutions of the general chiral decomposition is found to be
Ψ = e−2A
(∑
n
ψLn(x)Ln(z) +
∑
n
ψRn(x)Rn(z)
)
, (73)
where ψLn(x) = −γ5ψLn(x) and ψRn(x) = γ5ψRn(x) are the left-handed and right-handed components of a 4D Dirac
field, respectively. Hence, we assume that ψLn(x) and ψRn(x) satisfy the 4D Dirac equations. Then the KK modes
Ln(z) and Rn(z) should satisfy the following coupled equations:[
∂z + e
AMF (z)
]
Ln(z) = mnRn(z), (74a)[
∂z − eAMF (z)
]
Rn(z) = −mnLn(z). (74b)
From the above coupled equations, we can obtain the Schro¨dinger–like equations for the left– and right–chiral KK
modes of fermions: (− ∂2z + VL(z))Ln = m2LnLn, (75)(− ∂2z + VR(z))Rn = m2RnRn, (76)
where the mass–independent potentials are given by
VL(z) = e
2AM2F 2(z)− eAA′MF (z)− eAM∂zF (z), (77a)
VR(z) = e
2AM2F 2(z) + eAA′MF (z) + eAM∂zF (z). (77b)
For the purpose of getting the standard 4D action for a massless fermion and a series of massive chiral fermions
S 1
2
=
∫
d5x
√−g Ψ¯ [ΓM (∂M + ωM )−MF (z)]Ψ
=
∑
n
∫
d4x
√
−gˆ ψ¯n [γµ(∂µ + ωˆµ)−mn]ψn, (78)
the following orthonormalization conditions for Ln and Rn are needed:∫ +∞
−∞
LmLndz = δmn, (79)∫ +∞
−∞
RmRndz = δmn, (80)∫ +∞
−∞
LmRndz = 0. (81)
If in the formulae (74a) and (74b) one sets mn = 0, then one gets
L0 ∝ e−M
∫
eAFdz, (82a)
R0 ∝ eM
∫
eAFdz. (82b)
The above relations tell us that it is not possible to have both massless left- and right-chiral KK fermion modes
localized on the brane at the same time, since when one is normalizable, the other one is not.
From Eqs. (75), (76) and (77), we can see that, if we do not introduce the mass term in the action (69), i.e., when
M = 0, the potentials for left– and right–chiral KK modes VL,R(z) will vanish and both left– and right–chiral fermions
cannot be localized on the thick brane. Moreover, if we demand VL(z) and VR(z) to be Z2-even with respect to the
extra dimension z, then the mass term MF (z) must be an odd function of z. In this paper, we will consider four
cases: F (z) = ε(z), F (z) = tanh(Hz), F (z) = sinh(Hz) and F (z) = (Hz)2k+1e−A.
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1. Case I: F (z) = ε(z)
We shall first consider the simplest case F (z) = ε(z) [76], where ε(z 6= 0) ≡ z|z| and ǫ(0) = 0. The explicit forms of
the potentials (77) can be expressed as follows:
VL(z) =
H2Msech2(Hz)
b2
[M + b sinh(Hz)ε(z)]− 2δ(z), (83a)
VR(z) =
H2Msech2(Hz)
b2
[M − b sinh(Hz)ε(z)] + 2δ(z). (83b)
From these expressions, we find that the potentials VL,R(z) have the asymptotic behavior: VL,R(z → ±∞) → 0.
Because there is a δ function in the expressions for both potentials, when z = 0, VL(0) = −∞ and VR(0) = +∞. It
is clear that only the potential VL(z) is of volcano type and has a δ–potential well at the location of the brane, so
just the massless mode of left-chiral fermion might be trapped on the brane. The left-chiral fermion zero mode can
be computed by solving (74a) with m0 = 0:
L0(z) ∝ exp
(
−
∫ z
0
dz′eA(z
′)Mǫ(z′)
)
.
= exp
(
−2M
b
arctan
[
tanh
(
H |z|
2
)])
. (84)
However, from this expression, we know that when far away from the brane, L0(z → ±∞) approaches a positive
constant e−
piM
2b , a fact which results in the non–normalization of L0(z). So the zero mode of left–chiral fermion cannot
be localized on the brane. The shape of the zero mode L0(z) is shown in Fig. 7. Hence, both left- and right-chiral
fermion zero modes cannot be trapped on the brane. Thus, there is no mass gap in the spectrum of KK modes for
both left– and right–chiral fermions, the spectrum is continuous and starts at m2 = 0.
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FIG. 7: The shape of the zero mode of left–chiral fermions L0(z) for different values of the parameter b. The parameters are
set to M = 1.0, H = 0.5, and b = 0.5 for the thick line, b = 1.0 for the dashed line, and b = 1.5 for the thin line.
2. Case II: F (z) = tanh(Hz)
For the case F (z) = tanh(Hz), the explicit forms of the potentials (77) are
VL(z) =
H2M
4b2
sech4(Hz)
[
4M sinh2(Hz) + b cosh(3Hz)− 5b cosh(Hz)] , (85)
VR(z) =
H2M
4b2
sech4(Hz)
[
4M sinh2(Hz)− b cosh(3Hz) + 5b cosh(Hz)] . (86)
It can be seen that the potentials VL,R have the following asymptotic behaviors: they tend to zero as z → ±∞, and
at z = 0, the potential VL reaches its minimum (negative value) −H2M/b while the potential VR has its maximum
(positive value) H2M/b (see Fig. 8). So VL(z) is a modified volcano–type potential. For this type of potentials, there
is no mass gap to separate the fermion zero mode from the excited KK massive modes. Both left– and right–chiral
KK modes have a continuous gapless spectrum. Because only the potential for left–chiral fermions has a negative
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value at the location of the brane, we only need to study whether the zero mode of left–chiral fermions L0 could be
localized on the brane. The expression for L0 is
L0 ∝ exp
[
M
b
(sech(Hz)− 1)
]
. (87)
From this expression and Fig. 9, we can see that the zero mode L0 → e−Mb > 0 as z → ±∞, which indicates that
the normalization condition
∫ +∞
−∞ L
2
0(z)dz <∞ is not satisfied, so the zero mode of the left–chiral fermions cannot be
localized on the brane.
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FIG. 8: The shape of the potential for the left–chiral fermions VL(z) is displayed in (a), and for the right–chiral fermions VR(z)
is plotted in (b) for the case II. The parameters are set to H = 0.5, M = 1, b = 0.5 for the thick lines, b = 1.0 for the dashed
lines and b = 1.5 for the thin lines.
-5 5
z
0.2
0.4
0.6
0.8
1.0
L0HzL
FIG. 9: The shape of the massless left–chiral fermion  L0(z) for case II. The parameters are set to H = 0.5, M = 1, b = 0.5 for
the thick line, b = 1.0 for the dashed line and b = 1.5 for the thin line.
3. Case III: F (z) = sinh(Hz)
For the choice F (z) = sinh(Hz), the potentials (77) can be expressed as follows:
VL(z) =
H2M
b2
[
M − (b+M)sech2(Hz)] , (88)
VR(z) =
H2M
b2
[
M + (b−M)sech2(Hz)] . (89)
From Fig. 10, we can see that both potentials have the same asymptotic behavior: VL,R → H2M2b2 when z → ±∞.
At z = 0, the potential of left–chiral fermions has a minimum with negative value −H2Mb , however, the potential
17
of right–chiral fermions has a positive value one: H
2M
b if and only if M > b. Thus, just the potential of left–chiral
fermions possesses a negative value at the location of the brane, so only the zero mode of left–chiral fermions L0 will
be localized on the brane. The solution for L0 can be written as
L0(z) =
[
H Γ
(
b+2M
2b
)
√
π Γ
(
M
b
) ] 12 sechMb (Hz). (90)
Because the parameterM and b are positive, the zero mode L0 vanishes at z → ±∞, and it satisfies the normalization
condition. So the massless mode of left–chiral fermions is localized on the brane. We plot the shape of the left–chiral
fermion zero mode in Fig. 11. However, the zero mode of right–chiral fermions does not exist, a fact which can be
seen from the potential (89) and Fig. 10(b).
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FIG. 10: The shape of the potential VL(z) is presented in (a) and VR(z) is displayed in (b) for the case III. The parameters
are set to H = 1.5, M = 1, b = 0.5 for thick lines, b = 1.0 for dashed lines and b = 1.5 for thin lines.
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FIG. 11: The shape of the zero mode of the left–chiral fermion L0(z) for the case III. The parameters are set to H = 1.5,
M = 1, b = 0.5 for the thick line, b = 1.0 for the dashed line and b = 1.5 for the thin line.
We can see that for m2Ln >
H2M2
b2 , the left-chiral fermions can be described by asymptotic plane waves.
The general bound KK modes Ln for the potential (88) can be found to be
Ln ∝ cosh1+
M
b (Hz) 2F1
(
an, bn;
1
2
;− sinh2(Hz)
)
(91)
for even n and
Ln ∝ cosh1+
M
b (Hz) sinh(Hz) 2F1
(
an +
1
2
, bn +
1
2
;
3
2
;− sinh2(Hz)
)
(92)
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for odd n, where 2F1 is the hypergeometric function, and the parameters an and bn are given by
an =
1
2
(n+ 1), bn =
M
b
− 1
2
(n− 1). (93)
The corresponding mass spectrum of the bound states is
m2Ln = H
2
(
2M
b
− n
)
n,
(
n = 0, 1, 2, · · · < M
b
)
. (94)
It can be seen that the ground state always belongs to the spectrum of left–chiral KK modes, which is precisely the
zero mode (90) with m2L0 = 0. Because the ground state has the lowest squared mass m
2
L0
= 0, there are no tachyonic
left–chiral fermions. If M < b, there is only one bound state, i.e., the zero mode (90). In order to get massive excited
bound states, the condition M > b should be satisfied and their number depends on the ratio Mb as indicated in (94).
For the potential of right–chiral fermions VR(z) (89), from Fig. 10(b), we can see that VR(z) is always positive
near the location of the brane, which shows that it cannot trap the zero mode of right–chiral fermions. For the
case M < b, the potential VR has a maximum
H2M
b at z = 0, and has a minimum
H2M2
b2 at z → ±∞, i.e.,
0 < VR(z → ±∞) < VR(z = 0). So in this case, there is no any bound state for right-chiral fermions. For the special
case M = b, the potential VR is a positive constant: VR(z) =
H2M2
b2 . Hence, there is still no any bound state for this
case. In the last case M > b, we can see that 0 < VR(z = 0) < VR(z → ±∞), which indicates that there exist some
bound states, but the ground state is a massive one:
R0 =
[
H Γ
(
M
2b
)
√
π Γ
(
M−b
2b
)] 12 cosh1−Mb (Hz), (M > b) (95)
with the mass determined by m2R0 = H
2
(
2M
b − 1
)
> H2 > 0. The general bound states for this case (M > b) are
Rn(z) ∝ cosh
M
b (Hz) 2F1
(
1 + n
2
,
M
b
− 1 + n
2
;
1
2
;− sinh2(Hz)
)
(96)
for even n and
Rn(z) ∝ cosh
M
b (Hz) sinh(Hz) 2F1
(
1 +
n
2
,
M
b
− n
2
;
3
2
;− sinh2(Hz)
)
(97)
for odd n. Then, the corresponding mass spectrum is
m2Rn = H
2
(
2M
b
− (n+ 1)
)
(n+ 1),
(
M > b, n = 0, 1, 2, · · · < M
b
− 1
)
. (98)
By comparing to the mass spectrum of the left–chiral fermions (94), we come to the following conclusion: the number
of bound KK modes of right–chiral fermions NR is one less than that of the left ones NL, i.e. NR = NL − 1.
When M < b, there is only one left–chiral fermion bound KK mode (the zero mode), so only the 4D massless
left-chiral fermion can be localized on the brane. When M > b, there are N (N = NL ≥ 2) bound left–chiral fermion
KK modes and N − 1 (NR = N − 1) right–chiral ones. Hence, we obtain that the 4D massless left–chiral fermion
and the massive Dirac fermions consisting of pairs of coupled left– and right–chiral KK modes can be localized on
the brane. The KK modes Ln and Rn are plotted in Fig. 12 and Fig. 13, respectively, and the corresponding mass
spectra are shown in Fig. 14. When m2L,R >
H2M2
b2 , both the left– and right–chiral fermion KK modes cannot be
confined to the brane and will be excited into the bulk.
4. Case IV: F (z) = (Hz)2k+1e−A(z)
Now let us consider the following family of functions:
F (z) = (Hz)2k+1e−A(z), (99)
where the factor Hz renders a dimensionless function F (z) and k = 0, 1, 2, · · · .
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FIG. 12: The shape of the left–chiral KK modes Ln for 0 ≤ n ≤ 3 in case III. The parameters are set to M = 1.0, b = 0.25 and
H = 1.5.
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FIG. 13: The shape of the right–chiral KK modes Rn for 0 ≤ n ≤ 2 in case III. The parameters are set to M = 1.0, b = 0.25
and H = 1.5.
By using (16), the explicit form of the potentials (77) can be expressed as follows
VL(z) = MH
[
MH(Hz)4kz2 − (2k + 1)(Hz)2k] , (100a)
VR(z) = MH
[
MH(Hz)4kz2 + (2k + 1)(Hz)2k
]
. (100b)
Both potentials have the same asymptotic behavior VL,R −→∞ when z −→ ±∞ and are bounded below as is shown
in Figs. 15 and 16 for different values of k > 0, the case k = 0 will be considered below as a separate one. Then,
the KK spectrum is discrete for both kind of fermions. It is possible to show using (82a) that the zero left-chiral KK
mode has the following form
L0 ∝ e−
M
2H(k+1) (Hz)
2(k+1)
. (101)
Thus, the massless left-chiral KK mode is localized on the brane (see Fig. 17), while the massless right-chiral fermion
does not exist. The class of functions (99) describe a model where both type of fermions are localized on the brane
and only the left-chiral KK spectrum possesses a massless mode.
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FIG. 14: The shape of the potentials VL,R (thick lines) and the mass spectra (the dashed lines correspond to m
2
L0
= 0 and
m2R0 = 0, and the grey lines correspond to the bound massive levels) for the case III. The parameters are set to M = 1.0,
b = 0.25 and H = 1.5.
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FIG. 15: The shape of the potential VL is represented for different values of k : k = 1 (thin line), k = 2 (thick line) and
k = 3 (dashed line). In all these cases the potential VL has two negative minima and becomes infinite as z → ±∞, resembling
a shifted mexican hat potential; thus, there is a localized massless KK mode and a tower of discrete massive modes. The
parameters are set to H = 1 and M = 1 in the figure.
Let us consider the simplest case k = 0 in (99), the potentials (100a) and (100b) take the form:
VL(z) = H
2M2z2 −HM, (102a)
VR(z) = H
2M2z2 +HM. (102b)
Both potentials constitute shifted one–dimensional quantum harmonic oscillator potentials and are plotted in Figs.
18 and 19, respectively. The corresponding Schro¨dinger–like equations for the potentials VL,R can be written as:
− ∂2zLn(z) +H2M2z2Ln(z) =
(
m2Ln +HM
)
Ln(z), (103a)
−∂2zRn(z) +H2M2z2Rn(z) =
(
m2Rn −HM
)
Rn(z). (103b)
Thus, the above equations describe a quantum harmonic oscillator in one dimension if we define the effective energy
modes EL,R and the effective potentials V L,R as follows
ELn =
1
2
(
m2Ln
M
+H
)
, (104a)
ERn =
1
2
(
m2Rn
M
−H
)
, (104b)
V L(z) = V R(z) = H
2M2z2. (104c)
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FIG. 16: The shape of the potential VR is represented for different values of k : k = 1 (thin line), k = 2 (thick line) and k = 3
(dashed line). In all cases there is a single minimum of the potential VR at z = 0 and it is infinite as z → ±∞. In this case we
do not have a localized massless zero mode and all massive KK modes are localized on the brane. Here, we also set H = 1 and
M = 1.
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FIG. 17: The shape of the massless left–chiral KK mode L0(z) is represented for different values of k : k = 1 (thin line), k = 2
(thick line) and k = 3 (dashed line). The parameters are set to H = 1 and M = 1.
We see that both potentials V L,R are equal, then, they have the same asymptotic behavior V L,R → ±∞ when
z → ±∞ and have their minima at z = 0; thus, the potentials V L,R admit the same number of bound energy modes
for the left– and right–chiral fermions. The corresponding spectra of energies for the equations (103) are given by
ELn = H
(
n+
1
2
)
=
1
2
(
m2Ln
M
+H
)
, (105a)
ERn = H
(
n+
1
2
)
=
1
2
(
m2Rn
M
−H
)
, (105b)
where n = 0, 1, 2, · · · . Then, the spectra for the left and right masses m2L,R are
m2Ln = 2MHn and m
2
Rn = 2MH(n+ 1), (106)
respectively, as indicated in Figs. 18 and 19.
Like in the case III, we see that the KK mass spectrum for the right–chiral fermions does not include a massless
mode, while the left–chiral fermions contains the massless KK mode. By rewriting equations (103) we see that both
of them represent quantum harmonic oscillators along the fifth dimension
− ∂2zLn(z) +H2M2z2Ln(z) = ELnLn(z), (107a)
−∂2zRn(z) +H2M2z2Rn(z) = ERnRn(z). (107b)
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FIG. 18: The shape of the potential VL is represented for k = 0; the dashed line corresponds to m
2
L0
= 0 and the first seven
massive levels (1 ≤ n ≤ 7) of the m2Ln spectrum are given by the grey lines. The parameters are set to H = 1 and M = 1 in
the figure.
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FIG. 19: Here the shape of the potential VR is represented for k = 0; the dashed line corresponds to the massive state
m2R0 = 2MH and the first seven massive levels (1 ≤ n ≤ 7) of the m
2
Rn
spectrum are given by the grey lines. The parameters
are set to H = 1 and M = 1 in the figure.
The zero mode can be localized for both the left– and right–chiral fermions and has the explicit form
L0(z) =
(HM)
1
2√
2π
e−
1
2HMz
2
, (108a)
R0(z) =
(HM)
1
2√
2π
e−
1
2HMz
2
, (108b)
where (108a) is a massless bound state, while (108b) is a massive one.
The total spectra for the equations (107) is expressed in terms of Hermite polynomials by the next eigenfunctions
Ln(z)=
BL
2n
(HM)
1
4Hn(
√
HMz)e−
1
2HMz
2
, (109a)
Rn(z) =
BR
2n
(HM)
1
4Hn(
√
HMz)e−
1
2HMz
2
, (109b)
where BL and BR are normalization constants.
The spectrum for both type of fermions is discrete and the separation between two contiguous KK modes is given
by
∆mn =
√
2HM√
n+ 1 +
√
n
. (110)
The above relations tell us that if n → ∞, ∆mn → 0, then, for higher KK massive modes the spectrum is quasi-
continuous.
The previous result shows that by choosing F (z) = Hze−A(z), it is possible to localize on the brane the whole
discrete KK spectrum: both massless and massive modes for the left-chiral fermions and just the massive ones for the
right-chiral ones.
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IV. CORRECTIONS TO COULOMB’S LAW
In this Section we shall compute the Coulomb’s law modification coming from the contribution of the massive KK
modes of the vector field. This computation is similar to the one that leads to the corrections to Newton’s law coming
from the contribution of the KK massive tensor modes of the metric.
In 4D Quantum Electrodynamics, the potential created by the Yukawa interaction between two fermions and a
gauge field is given by LI = −eψ¯(x)γµAµ(x)ψ(x) with the vertex factor −ieγµ [81]. Following this line of reasoning,
within the context of our thick braneworld model, we shall start with fermion fields which propagate in all the five
dimensions and we shall take into account the fact that the 4D fermion with left chirality is the zero mode of the 5D
fermion, just as we have done in the previous Section of this paper. Hence, the interaction between the fermions and
the gauge boson reads [82]
SI =
∫
d4xdz
√−g (−e5)Ψ¯(x, z)ΓMAM (x, z)Ψ(x, z), (111)
where e5 is a 5D coupling constant. Then, after dimensional reduction of this action, all vector KK modes will interact
with the fermion zero mode (the 4D massless fermion) which is localized on the brane:
SI ⊃
∑∫
n
∫
d4xdz
√
−gˆ e5A(−e5)e−2Aψ¯0(x)L0(z)e−Aγµa(n)µ (x)e−A/2ρn(z)e−2Aψ0(x)L0(z)
= (−e5)
∑∫
n
∫
dz e−A/2 ρn(z)L20(z)
∫
d4x
√
−gˆ ψ¯0(x)γµa(n)µ (x)ψ0(x)
=
∫
d4x
√
−gˆ
{
− eψ¯0(x)γµa(0)µ (x)ψ0(x) −
∑∫
n
ǫnψ¯0(x)γ
µa(n)µ (x)ψ0(x)
}
, (112)
where, by taking into account the equality (61),
e = e5
∫
dz e−A/2 ρ0(z)L20(z) = e5
√
b
π
∫
dz L20(z) = e5
√
b
π
is the usual 4D charge of the fermion trapped on the brane, ǫn’s are 4D effective couplings
ǫn ≡ e5
∫
dz e−A/2 ρn(z)L20(z) = e
√
π
b
∫
dz e−A/2 ρn(z)L20(z), (113)
with ρn(z) being the solution of the Schro¨dinger equation (56) given by (65) and
∑∫
n stands for summation or
integration (or both) with respect to n, depending on the respective discrete or continuos (or mixed) character of the
a
(n)
µ (x) and ǫn(z), where the latter is determined by ρn(z).
In the nonrelativistic limit the Coulomb potential (and its corrections) between two charged fermions is determined
by the KK photon exchange process and turns out to be
V (r) =
e2
4πr
+
∫ ∞
m0
dm
ǫ2n
4πr
e−mr
=
e2
4πr
[
1 +
π
b
∫ ∞
m0
dm e−mr
(∫
dz e−A(z)/2 ρn(z)L20(z)
)2]
, (114)
where m0 = H/2 is the first excited massive mode. Thus, the Coulomb potential and its corrections respectively come
from the vector zero mode and the massive KK vector modes.
We can further proceed to the analytical calculation of V (r) which is not an easy work, but it is still affordable. Let
us compute first the 4D effective couplings ǫn. We shall use the third solution for the fermionic localization mechanism
with F (z) = sinh(Hz) for which the normalizable fermion zero mode is
L0(z) =
[
H Γ
(
b+2M
2b
)
√
π Γ
(
M
b
) ] 12 sechMb (Hz). (115)
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By substituting the warp factor (16) and the expression (65) for ρn in (113) we obtain
ǫn = e
√
H
Γ
(
2M+b
2b
)
Γ
(
M
b
) ∫ dz sech 4M−b2b (Hz) [∑
±
C±(β)P
±iβ
1/2 (tanh(Hz))
]
= e
√
π
H
Γ
(
2M+b
2b
)
Γ
(
M
b
) Γ ( 4M−b4b )
Γ
(
4M+b
4b
) [∑
±
C±(β)P
±iβ
1/2 (0)
]
, (116)
where we have used the following definition of the delta function2 corresponding to the thin brane limit when H →∞:
δ(z) = lim
H→∞
HΓ
(
4M+b
4b
)
√
πΓ
(
4M−b
4b
) sech 4M−b2b (Hz), 4M > b, (117)
and β =
√
m2
H2 − 14 . Once we have these 4D effective couplings at hand we can write the Coulomb potential as follows
V (r) =
e2
4πr
1 + π
H
(
Γ
(
2M+b
2b
)
Γ
(
M
b
) Γ ( 4M−b4b )
Γ
(
4M+b
4b
))2 ∫ ∞
m0
dm e−mr
∣∣∣∣∣∑± C±(β)P±iβ1/2 (0)
∣∣∣∣∣
2

=
e2
4πr
1 + 2π
H
(
Γ
(
2M+b
2b
)
Γ
(
M
b
) Γ ( 4M−b4b )
Γ
(
4M+b
4b
))2 ∫ ∞
m0
dm e−mr
∣∣∣∣∣∣ Γ (1 + iβ)Γ(14 − iβ2 )Γ( 54 − iβ2 )
∣∣∣∣∣∣
2
 . (118)
Here we have taken into account the fact that the normalization constants for the associated Legendre functions are
given by |C±(β)| = |Γ(1+iβ)|√2pi , according to (67), as well as the following relation
Pµν (0) =
2µ
√
π
Γ
(
1−ν−µ
2
)
Γ
(
1 + ν−µ2
) . (119)
Thus, according to (118) the corrected Coulomb potential can be written in the form
V (r) =
e2
4πr
[1 + ∆V ] , (120)
where the correction ∆V reads
∆V = 2π
[
Γ
(
2M+b
2b
)
Γ
(
M
b
) Γ ( 4M−b4b )
Γ
(
4M+b
4b
)]2 1∣∣Γ ( 14)Γ ( 54)∣∣2
e−Hr/2
Hr
(
1 +O
(
1
Hr
))
. (121)
When doing this computation, in (118) we have performed an expansion of the prefactor that multiplies the exponential
function in the integrand with respect tom0 = H/2 (which corresponds to β = 0) since the corrections to the Coulomb
potential are dominated by the sector of small massive KK vector modes.
Alternatively, and perhaps a more clear approach, consists in changing the integration variable in (118) from m
to β and expanding the prefactor that multiplies the exponential function around β = 0 since, as stated above, the
corrections to the Coulomb potential are dominated by the small-β region. Both integrations yield the same result.
V. CONCLUSIONS AND DISCUSSION
In this paper, the localization and mass spectra of various bulk matter fields on a thick brane generated by pure
constant curvature in 4D and 5D, without the inclusion of scalar fields, has been investigated.
The possibility of having a phenomenologically consistent small 4D cosmological constant in the model was stressed.
Furthermore, all of the models considered in this work possess a mass gap in their KK spectrum, as it also happens in
2 It is straightforward to check that this definition possesses all the properties of the normalized to unity delta distribution function.
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the KK spectrum of the metric fluctuations, which is proportional to H , and hence, proportional to the square root
of the 4D cosmological constant. Thus, the height of the mass gap, which determines the energy scale at which the
KK fluctuations can be excited, somehow is defined by the 4D cosmological constant and is big/small if the Hubble
parameter is big/small. However, for the cases III and IV of the fermion localization model, we observe that the
corresponding masses of the bound states are also multiplied by the factors M/b and M , respectively, and directly
depend on the value of these 5D parameters.
By considering the limit in which the Hubble parameter tends to zero, H → 0, the energy scale of the mass gap
of the spectra of different field fluctuations also tends to vanish. Thus, for the metric fluctuations, in this limit
we recover an exponential solution for the warp factor with a 4D metric with Poincare´ symmetry instead of the de
Sitter one, possessing a gapless spectrum of graviton KK excitations as it happens in the Randall–Sundrum model.
Mathematically, this procedure involves the requirement of an analytic continuation of the thickness parameter ib→ k
and the imposition of Z2–symmetry on the relevant 5D manifold. Thus, for consistency, a delta function source should
be added to the setup, introducing as well a brane tension in this limiting model. This brane tension can be fine-tuned
with the bulk cosmological constant in order to guarantee a vanishing induced cosmological constant on the brane
[5]. Thus, the Randall–Sundrum model was obtained as a limit of this braneworld configuration when the Hubble
parameter disappears by performing an analytic continuation of the brane thickness parameter b. Strictly speaking,
this limit does not form part of the original solution, however, the resulting solution is physically meaningful when
analytically continuing the brane thickness parameter. It would be very interesting to study in more detail the possible
“transitions” between the de Sitter and anti–de Sitter spacetimes in the braneworld paradigm.
We also included a mechanism which allows one to obtain TeV physical mass scales from fundamental Planck mass
scales in our model by generalizing our pure geometric thick de Sitter braneworld to the case when the Standard
Model fields are confined to a positive thin brane located at a distance y2 from the Planck brane. For this mechanism
to work we need a compactification scale of the same order of the inverse thickness parameter.
As an aside result we observe that while the gauge hierarchy is of order 10−15, the corresponding hierarchy between
the currently observed 4D Hubble parameter and the bulk inverse thickness parameter of the model is ten orders less:
M∗
MPl
≈ 10−15 vs H
b
≈ 10−5, (122)
a result which is closely related to the recovery of both the correct 4D gravitational couplings and the actually observed
accelerated expansion of the universe in our de Sitter braneworld.
With respect to the matter localization in the purely geometric de Sitter thick braneworld, it turns out that for
scalar and vector fields, both the scalar and vector zero modes can be localized on the thick brane, and there exists
a mass gap in the respective spectra. For massive scalar fields, the spectrum contains at most two bound states and
consists of a massless mode (the ground state), a bound excited KK mode and a series of delocalized continuous
massive KK modes. However, if the thickness parameter is appropriately related to the mass of bulk scalar field
(ms >
√
7
2 b), then there exists only one bound state corresponding to the massless zero mode. For vector fields, the
spectrum consists of a massless mode (the ground state) and a series of continuous massive KK modes separated by
a mass gap. Since the zero mode massless gauge field is localized in our model, the Coulomb law is recovered on the
brane through the photon exchange of two interacting 5D fermions. The corresponding corrections to Coulomb’s law
have been computed as well, showing that they exponentially decay. However, in the expression for this correction
there is a prefactor which depends on the 5D parameters of the massless zero mode fermion field M and b.
For the localization of a fermion zero mode, we must introduce the mass term MF (z)ΨΨ¯ in the 5D action. Four
cases have been investigated: For F (z) = ε(z) and F (z) = tanh(Hz), the fermion zero mode cannot be localized
on the brane. For F (z) = sinh(Hz), only the left–chiral fermion zero mode can be localized on the brane and there
exist a mass gap for both left– and right–chiral fermions. The finite number of bound massive KK modes of left– and
right–chiral fermions is the same, and it is determined by the ratioM/b. Hence, the massless fermion localized on the
brane consists of just the left–chiral KK mode, while the massive fermions localized on the brane consist of left– and
right–chiral KK modes and constitute the 4D Dirac massive fermions. For the case in which F (z) = (Hz)2k+1e−A(z)
we qualitatively show that all the mass spectra for the left– and right–chiral KK modes are infinite, discrete and
are localized on the brane. For k > 0 it is difficult to solve the eigenvalue problem for KK modes exactly, thus,
we consider the simplest case where k = 0 and we found that it resembles the one–dimensional quantum harmonic
oscillator problem in which the squared mass gap ∆m2L,R between two contiguous states for left– and right–chiral
fermions is equidistant. As we can see from the expressions for them2Ln andm
2
Rn
, all the right-chiral fermion spectrum
is shifted in 2MH with respect to the left-chiral fermion spectrum, while, as it is shown in (110), the mass gap tends
to vanish ∆mn → 0 when n→∞, leading to a quasi–continuous spectrum.
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